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Abstract In the present paper, Mindlin’s solutions are used (Mindlin, 1936) [1] to estimate the load–
displacement relationship for a circular foundation for ground anchors. Constant, linearly and
parabolically varied anchor loads are applied to the foundation. The closed form analytical solutions
derived by Selvadurai are used in the analysis. Effects of the length of the anchor region, its depth of
location and the distribution of loadwithin the anchor region are investigated in this article. The analytical
solutions are also compared with finite element analysis and the results are given.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Many engineering structures require that foundation sys-
tems resist vertical uplift or horizontal pullout forces. In these
cases, an economic design solution can be obtained by the use
of tension members. These members, which are referred to
as soil anchors, are typically fixed to the structure and em-
bedded in the ground to sufficient depth so that they can re-
sist pullout forces with safety. Soil or ‘‘ground’’ anchors are
a lightweight foundation system designed and constructed
specifically to resist any uplifting force. Experimental-based or
numerical–theoretical-based studies are made to find the be-
haviour of soil anchors. Limiting equilibrium and limit analysis
approaches are studied in sandy soil by [2–10]. Alsomany stud-
ies have been performed by [11–14], using the displacement fi-
nite element technique. Rowe and Davis [11] made the most
complete studies. Their results were presented for both vertical
and horizontal strip anchors embedded in sand.
Soil stresses based on the Boussinesq stress solution [15] are
required for the evaluation of foundation settlement. However,
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doi:10.1016/j.scient.2013.02.024the Boussinesq stress solution does not take into account the
foundation embedment depth and Poisson ratio. The calculated
settlements are therefore largely different from measured
values. Since the solution for soil stress under a point load was
proposed by Mindlin in 1936, a number of studies have been
carried out to obtain solutions under vertical line load, strip load
rectangular uniformly distributed load and circular uniformly
distributed load, etc. TheMindlin solution also has been utilized
widely for calculating settlement [16–19].
2. Problem definition and analysis
This paper is related to analysis of the settlement of
a rigid circular foundation having smooth contact with an
isotropic elastic half-space and subjected simultaneously to
axisymmetric external and internal loads. The particular
axisymmetric internal loads correspond to constant, linear or
parabolic distributions of Mindlin (1936) forces, which are of
finite length, and located at a finite depth below the free surface
of the half-space (Figures 1 and 2).
Here, the distributions of Mindlin-type forces represent,
approximately, the influence of the anchor region. A compre-
hensive account of the complex potential function approach,
together with its application to crack indentation problems in
classical elasticity, is given by [20]. The displacement compo-
nent for this class of problem can be uniquely represented in
terms of a single potential function, Φ (r, θ, z), where (r, θ, z)
represents the cylindrical polar coordinate system. The particu-
lar displacement and stress components of interest to the inter-
action problem are: uz , σzz and σrz . For axisymmetric problems,
evier B.V. Open access under CC BY-NC-ND license.
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a Radius (m)
c free surface length for Mindlin (m)
G Elastic shear modulus (kPa)
P External load (kN)
P0 Mindlin force (kN)
λ fix anchor surface length factor
η free surface length factor
λa anchor load uniformly distributed over the
length (m)
ηa the depth of location of the anchor (m)
ζa the distance from rigid plate to anchor region (m)
υ Poisson’s ratio
uz axial displacement (mm)
σzz axial stress (kPa)
σrz shear stress (kPa)
ω0 Rigip plate displacement (mm)
ω1 constant anchor load distribution factor
ω2 linear anchor load distribution factor
ω3 parabolic anchor load distribution factor
these can be represented in the forms;
2Guz (r, z) = z ∂
2∅
∂z2
− 2(1− v)∂∅
∂z
(1a)
σzz = z ∂
3∅
∂z3
− ∂
2∅
∂z2
(1b)
σrz = z ∂
3∅
∂r∂z2
(1c)
where G and υ are the linear elastic shear modulus and Poisson
ratio, respectively.
When the contact between the rigid foundation and the
elastic half-space (z > 0) is frictionless, it is sufficient that
all the stresses and displacements derived from Φ(r, z) should
decay, and no shear stresses should act on the bounding plane
z = 0. The third boundary condition is of a mixed type, where;
uz (r, 0) = − (1− v)G
∂∅
∂z
= u∗(r) on r < a; (2a)
σzz (r, 0) = −∂
2∅
∂z2
= 0 on r > a. (2b)
Following Eq. (6), we consider the representation
− (1− v)
G
∂∅
∂z
= 1
2
 a
−a
g (t) dt
r2 + (z + it)20.5 (3)
which satisfies ∇2∅ (r, z) = 0 and the regularity conditions at
infinity.
(In Eq. (3) i2 = −1.) Then from Eq. (3) we have:
− (1− v)
G
∂∅
∂z
= 1
2
 r
0
g (t) dt
[r2 − t2]0.5 on z = 0; 0 < r < a (4a)
∂2∅
∂z2
= 0 on z = 0; r > a (4b)
and the mixed boundary conditions in Eq. (2) reduce to the
single integral equation
u∗(r) =
 r
0
g (t) dt
[r2 − t2]0.5 (5)Figure 1: The rigid plate anchor system.
in terms of the unknown function g(f). The Abel integral, Eq. (5),
can be inverted to complete the solution. Assuming that u∗(r)
is continuously differentiable in the region 0 < r < a, the
solution of Eq. (5) is given by:
g(t) = 2
π
d
dt
 t
0
ru∗(r)dr
[t2 − r2]0.5 . (6)
The contact stress distribution at the interface of the circular
foundation can be expressed in terms of g(t) in the form:
σzz = G
(1− v)r
∂
∂r
 a
r
tg (t) dt
[t2 − r2]0.5 . (7)
Using Eq. (7), it can be shown that the total force exerted by
the rigid circular foundation is given as follows:
P = 2πG
(1− v)
 a
0
g (t) dt. (8)
In summary, once u∗(r) is specified the load–displacement
relationship for the circular foundation can be obtained by
making use of the results in Eqs. (6)–(8).
3. The anchored foundation problem
First, the problem of the indentation of the half-space by
an external load P and an internal concentrated Mindlin force
P0, acting at a distance c from the boundary of the half-space
is considered. It is assumed that under the combined action
of P and P0, the rigid foundation experiences a displacement
and no separation occurs at the interface region r < a. The
displacement function corresponding to u∗(r) is given by;
u∗ (r) = w0 + P0(1− v)2Gπ

1
[r2 + c2]0.5
+ c
2
2(1− v)(r2 + c2)0.5

. (9)
Using Eq. (9) in Eq. (6) we obtain:
g(t) = 2
π

w0 + P0c4Gπ

(3− 2v)
(t2 + c2) −
2t2
(t2 + c2)2

. (10)
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2P/λ2a[(λ+ η)− ζ ].
(c) p(ζ ) = 3P/λ3a[(λ+ η)− ζ ]2 .
Figure 2: Anchor load distribution p(ζ ).Figure 3: The resulting displacement field in the Mindlin- foundation problem
by finite element method.
Figure 4: Achor load distribution in the finite element analysis.Figure 5: Comparison of displacements with varying Poisson ratios ((a) for
η = 5 (b) for η = 10).
Figure 6: Finite element analysis results (υ = 0, 30).
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Figure 8: Displacement factor of a rigid plate for various Poisson ratios and λ
when anchor load distribution is constant.
The rigid displacement of the circular foundation due to the
combined action of P and P0 can be obtained by evaluating Eq.
(8). For the total load, we have:
w0 = P(1− v)4aG

1− P0
P

2
π
tan−1
a
c

+ ac
π (1− v) (a2 + c2)

. (11)
It can be seen that as c →∞, the result (Eq. (11)) reduces to
that of the classical Boussinesq problem. Similarly as c → 0 and
P = P0, the rigid foundation is subjected to a doublet of forces;
whenw0 = 0.
Three types of internal load distribution are used in Fig-
ure 2. Firstly, the anchoring load P0 (=P) is distributed alongFigure 9: Displacement factor of a rigid plate for various Poisson ratios and λ,
when anchor load distribution is linear.
a finite length with a constant load intensity. Secondly, the an-
chor load varies linearly along a finite length. Lastly, the anchor
load varies parabolically along a finite length.
3.1. Constant load application
The displacement of the rigid foundation, due to the com-
bined action of external load P and the anchor load uniformly
distributed over the length λa, is given by:
[w0]constant = P(1− v)4aG
×

1− 2
πλ

I1(λ, η)+ 12 (1− v) I2(λ, η)

(12)
where η a is the depth of location of the anchor load, and ζa is
the distance from the rigid plate to the anchor region (Figure 1).
I1 (λ, η) = (λ+ η) tan−1

1
λ+ η

− η tan−1

1
η

+ 1
2
ln

1+ (λ+ η)2
1+ η2

(13)
I2 (λ, η) = 12 ln

1+ (λ+ η)2
1+ η2

(14)
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when anchor load distribution is parabolic.
ω1 =

1− 2
πλ

I1(λ, η)+ 12 (1− v) I2(λ, η)

. (15)
3.2. Linearly varying anchor load application
When the anchor load is linearly distributed over its length
the displacement of the rigid circular foundation is given by [8]
[ω0]linear = P(1− v)4aG

1− 4
λ2π

(λ+ η) I1 (λ, η)
− I3(λ, η)+ 12 (1− v)

(λ+ η) I2 (λ, η)− I4 (λ, η)

(16)
I3 (λ, η) = 12

(λ)+ 1+ (λ+ η)2 tan−1  1
λ+ η

− (1+ η2) tan−1

1
η

+ 1
2
ln

1+ (λ+ η)2
1+ η2

(17)
I4 (λ, η) =

(λ)− tan−1 (η + λ)− tan−1 (η) (18)Figure 11: Rigid plate displacement factor variation with anchor depth factor
(η), when the anchor load distribution is constant and the length of the anchor
region, λ > 50 for the Poisson ratios, ν = 0 and 0.5.
ω2 =

1− 4
λ2π

(λ+ η) I1 (λ, η)− I3(λ, η)
+ 1
2 (1− v) [(λ+ η) I2 (λ, η)− I4 (λ, η)]

. (19)
3.3. Parabolically varying anchor load application
When the total anchor load exhibits a parabolic distribution
over its length, the displacement of the rigid circular foundation
is given by [21]:
[ω0]parabolic = P(1− v)4aG

1− 6
λ3π

(λ+ η)2 I1 (λ, η)
− 2 (λ+ η) I3 (λ, η)+ I5 (λ, η)
+ 1
2 (1− v)

(λ+ η)2 I2 (λ, η)
− 2 (λ+ η) I4 (λ, η)+ I6 (λ, η)

(20)
I5 (λ, η) = (λ+ η)
3
3
tan−1

1
λ+ η

− η
3
3
tan−1

1
η

+ λ
6
(λ+ 2η)− 1
6
ln

1+ (λ+ η)2
1+ η2

(21)
I6 (λ, η) = λ2 (λ+ 2η)−
1
2
ln

1+ (λ+ η)2
1+ η2

(22)
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(η), when the anchor load distribution is constant and length of the anchor
region, λ > 50, for the Poisson ratios, ν = 0 and 0.5.
ω3 =

1− 6
λ3π

(λ+ η)2 I1 (λ, η)− 2 (λ+ η) I3 (λ, η)
+ I5 (λ, η)+ 12 (1− v)

(λ+ η)2 I2 (λ, η)
− 2 (λ+ η) I4 (λ, η)+ I6 (λ, η)

. (23)
3.4. Finite Element (FEM) analysis
Recently, finite element analysis is a widely used technique
for a range of problems encountered in all engineering areas.
This section is devoted to the finite element solution of the
problem at hand, to be able to compare the results and to solve
the problem by a different numerical technique.
In the analysis, soil is assumed to be elastic as a first confor-
mity to the original Mindlin studies. The plate, anchor and an-
chorage root section properties are selected as a reference case
and in all analyses, the same parameters were used (Table 1).
In the analyses, the following cases are considered:
1. 2 different anchor free surface length factors; η = 5, 10
2. 3 different Poisson ratios= 0.10, 0.30 and 0.50;
3. G = 18.000, 00 kPa which are the same values used in the
analytical analysis.
4. 5 different anchor root lengths for the two different anchor
lengths.
Figure 3 gives a general view of the finite element model
used in the analysis A total of 30 analyses were performed.Figure 13: Rigid plate displacement factor variation with anchor depth factor
(η), when the anchor load distribution is parabolic and length of the anchor
region, λ > 50, for the Poisson ratios, ν = 0.4 and 0.5.
As indicated in the paper, Mindlin solutions are conformed to
three different load distributions (constant load intensity, and
linearly varying load intensity, and parabolically varying load
intensity). From the analysis results, the anchoring load varies
parabolically along a finite length (Figure 4). Therefore, the
results of the finite element analysis can be compared with the
analytical solutions developed for the parabolically varying load
cases. Also, the effect of differing Poisson ratios of the soil can
be seen from Figure 5.
Figure 6 gives the displacements of the foundations, for
v = 0, 3. Figure 7 gives the same displacement values given
by Mindlin solutions for the displacement of a rigid circular
foundation anchored to an isotropic elastic half-space.
4. Results and discussion
This paper demonstrates analytical results for a rigid
displacement of the circular foundation under the combination
of an external load P and internal load (P0)which are distributed
constantly, linearly or parabolically over a finite length. The
classical theory of elasticity is used to find the axisymmetric
interaction between the rigid circular foundation and the
distribution of internal Mindlin forces. Closed form analytical
results derived by Selvadurai are used. The numerical results
are done with finite element analysis and compared with the
analytical ones.
4.1. Analytical results
A comparison of the constant/linear/parabolic load distribu-
tion results are made for three different Poisson ratios (υ = 0,
S. Altun et al. / Scientia Iranica, Transactions A: Civil Engineering 20 (2013) 397–405 403Table 1: Parameters used in the finite element analysis.
Constitutive model Unit weight (kN/m3) Shear modulus (kPa) Poisson ratio Section modulus (EA) KN/m
Soil Elastic model 17,00 18.000, 00 0.10–0.50
Achor Elastic model 2E5
Achor root Elastic model 1E5Figure 14: Effect of length of the anchor region, λ on the rigid plate
displacement factor with varying anchor depths factor, (λ < 40), under
constant anchor load and for the Poisson ratio of ν = 0.
0.25, 0.5) and nine different fixed anchor surface length factors.
The fixed anchor surface length factors (λ) are selected from 1
to 40. In Figure 8, three different Poisson ratios are drawn for
the constant load distribution case. For the same λ values, ω1
displacements decrease with the increase of Poisson ratio from
0.25 to 0.5. The same conclusion is seen with the finite element
solution as indicated in Section 3.4. Also, as λ is increased from
1 to 40, ω1 approaches to 1. The increase of Poisson ratio de-
creases ω2 and ω3 starting values as can be seen in Figures 9
and 10. For the constant load case and λ > 50, as the Poisson
ratio increase from 0 to 0.5, the starting value ofω1 is decreased
as seen from Figure 11. The same analytical results are deter-
mined for the linear load cases in Figure 12. Here, ω2 values are
similar to those in the constant load case. For the other loading
case (parabolic anchor load) similar results are gathered in Fig-
ure 13 for λ > 50 values. Here, ω3 is smaller than ω2. For these
analyses in which 1 < λ < 80 with the same Poisson ratios,
ω1 > ω2 > ω3 is concluded. In Figures 14 and 15, 6 different
Poisson ratios are used with η < 10 and η < 40 in constant
anchor load. In Figures 16 and 17, same analysis is done for lin-
ear anchor load distribution. In Figures 18 and 19, a parabolic
anchor load distribution is used in the analysis. For three differ-
ent load distributions and different Poisson ratios, the effectsFigure 15: Effect of length of the anchor region, λ on the rigid plate
displacement factor with varying anchor depths, (λ < 40), under constant
anchor load and for the Poisson ratio of ν = 0.5.
are more pronounced for the η < 10 case. In case of 6 differ-
ent Poisson ratios (υ = 0, 0.1, 0.2, 0.3, 0.4, 0.5), for the con-
stant/linear/parabolic load distributions, η value comparisons
have been made for 1 to 40, in Figures 14–19. The same results
were obtained for different Poisson ratios (υ = 0, 0.5). For the
same length of anchor region, the effect of Poisson ratio on the
load distribution factors diminishes as the depth of location of
the anchor (η) increases. When the depth of location of the an-
chor region η is greater than 40, neither the anchor load nor its
distribution has any appreciable effect on the settlement.
4.2. FEM results
A total of 30 analyses were performed in this study. The
results indicate that,
– For the same anchor depth location (η = 5 and 10) there is
not too much difference in displacement values (ω0) with
the change in anchorage length. The differences are more
pronounced in the analytical solution case.
– By changing the Poisson ratio (Figure 5), the displacement
values increase with the decrease of Poisson ratio, as
expected for two different anchor lengths; η = 5 and η =
10. The same conclusion is seen from the analytical results.
404 S. Altun et al. / Scientia Iranica, Transactions A: Civil Engineering 20 (2013) 397–405Figure 16: Effect of length of the anchor region, λ on the rigid plate
displacement factor with varying anchor depths, (λ < 40), under linear anchor
load and for the Poisson ratio of ν = 0.
– We can conclude from the finite element analysis results
that soil properties and anchor properties are more impor-
tant parameters than anchor length and location.
4.3. Comparison of FEM results and analytical results
– The finite element solution and analytical solution to the
Mindlin problemdoes not conform toomuch, as the solution
procedures and the material properties defined in the
analysis are different.
– The effect of Poisson ratio to the resulting displacements is
the same in both analysis cases. However, it is more pro-
nounced in finite element analysis as material properties
and their effects on the results are directly evaluated in nu-
merical methods.
– We cannot relate a direct solution to the anchor problem by
the finite element analysis results as the analytical solutions
are more correlated.
5. Conclusions
The analyses presented in this paper are based on elastic
theory and are therefore strictly applicable only to the case of
an ideal soil. It has been shown that, provided the ‘elastic’ soil
parameters are determined over a stress range representative
of that in a field problem. It is therefore reasonable to expect
that the displacement of anchor foundations may similarly be
successfully predicted from the elastic theory. The problem is
also solved with the finite element method and the results
indicate that for the same anchor depth location (η = 5 and 10)Figure 17: Effect of length of the anchor region, λ on the rigid plate
displacement factor with varying anchor depths, (λ < 40), under linear anchor
load and for the Poisson ratio of ν = 0.
Figure 18: Effect of length of the anchor region, λ on the rigid plate
displacement factor with varying anchor depths, (λ < 40), under parabolic
anchor load and for the Poisson ratio of ν = 0.
S. Altun et al. / Scientia Iranica, Transactions A: Civil Engineering 20 (2013) 397–405 405Figure 19: Effect of length of the anchor region, λ on the rigid plate
displacement factor with varying anchor depths, (λ < 40), under arabolic
anchor load and for the Poisson ratio of ν = 0.5.
there is not toomuch difference in the displacement values (ω0)
with the change in anchorage length. The difference is more
pronounced in the analytical solution case.
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